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Abstract

Walter Rudin showed that if X is a scattered compact space, then
every regular Borel measure on X that equals zero on all one-point
subsets is constant zero. We extend Rudin’s result to the class of
Rothberger spaces and discuss the possibility to extend it to the class
of projectively Rothberger spaces.
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1 Rothberger spaces

By a space we mean a Tychonoff topological space. Recall that a space X
is Rothberger (see, for example [5]) if for every sequence (Un : n ∈ ω) of
open covers of X one can pick Un ∈ Un for all n so that {Un : n ∈ ω}
covers X. Since the unit interval is not Rothberger, every Rothberger space
is zero-dimensional (that is, has a base consisting of clopen sets).

By a Borel measure we mean a non negative measure defined on the
family of all Borel sets. For a space X we denote by TX , CX , BX , and
HX the topology, the family of all clopen sets of X, the family of all Borel
sets of X, and the family of all σ-compact sets of X, respectively. Recall
that a Borel measure µ is regular (see —[6]) if for every B ∈ BX , µ(B) =
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infB⊂O∈TX
µ(O) = supB⊃H∈H(X) µ(H) [6]. Recall that a space X is scattered

if for every non empty Y ⊂ X, there is y ∈ Y such that y is isolated in Y .

Theorem 1 (W. Rudin, [6]) Let X be a compact scattered space and let µ
be a finite regular measure on X. If µ({x}) = 0 for every x ∈ X, then µ ≡ 0.

It is well known (and not difficult to check) that a compact space is
scattered iff it is Rothberger. We will eliminate compactness from Rudin’s
theorem (replacing “scattered” with “Rothberger”). First, we will prove a
statement about measure-like functions defined only on clopen sets. R≥0

denotes the set of all non negative reals. If M is a family of subsets of X,
then a function µ : M→ R≥0 ∪ {∞} is:

- finite if µ(M) < ∞ for every M ∈M;
- σ-finite if X can be covered by countably many sets Mn ∈ M (n ∈ ω)

such that µ(Mn) < ∞ for every n ∈ ω;
- countably additive if µ(∪{Mn : n ∈ ω}) =

∑
n∈ω µ(Mn) whenever

∪{Mn : n ∈ ω}, all Mn are elements of M, and Mn are pairwise disjoint.

Proposition 2 Let X be a Rothberger space, and let µ : CX → R≥0 ∪ {∞}
be a σ-finite, countably additive function. Then there is an at most countable
subset M0 ⊂ X and positive reals m(x) (x ∈ M0) such that for every U ∈ CX ,
µ(U) =

∑
x∈U∩M0

m(x).

Proof: Being Rothberger, X is zero-dimensional. First, let us take a
stronger assumption that µ is finite. For x ∈ X, put m(x) = inf{µ(U) : x ∈
U ∈ CX}. For ε ≥ 0, put Mε = {x ∈ X : m(x) > ε}.

For every ε > 0, Mε finite. Indeed, suppose it were infinite. For n ∈ N,
pick distinct points x1, ...xn ∈ Mε and pairwise disjoint neighborhoods Un 3
xn. Put U0 = X \ (U1∪ ...∪Un). Then for 1 ≤ i ≤ n, µ(Ui) ≥ m(xi) > ε and

thus µ(X) =
n∑

i=0

µ(Ui) ≥ nε. So µ(X) = ∞, a contradiction.

It follows that M0 is at most countable. A similar argument shows that
µ(X) ≥

∑
x∈M0

m(x) and, more generally, for every U ∈ CX , µ(U) ≥ µa(U)
where µa(U) =

∑
x∈M0∩U m(x). Put µr(U) = µ(U) − µa(U). Then the

functions µa, µr : CX → R≥0∪{∞} are finite, monotonic and σ-additive. We
are going to show that µr ≡ 0 and thus µ ≡ µa.

It is easily seen that the function µr has the following property: for every
x ∈ X and every ε > 0 there is U ∈ CX such that x ∈ U and µr(U) < ε.
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It follows that for every ε > 0, Uε = {U ∈ CX : µr(U) < ε} is an open
cover of X. Suppose µr(X) > 0. For n ∈ ω, put εn = µr(X)2−(n+1). Since
X is Rothberger, one can pick Un ∈ Uεn for all n so that {Un : n ∈ ω}
covers X. On the other hand,

∑
n∈ω µr(Un) < µr(X), a contradiction with

monotonicity and countable additivity. So µr(X) = 0 and thus µr ≡ 0.
Now, consider the general case of a σ-finite µ. Let X = ∪k∈ωXk where for

all k, Xk ∈ CX and µ(Xk) < ∞. Without loss of generality we may assume
that the sets Xk are pairwise disjoint. Being clopen in X, Xk are Rothberger.
Applying the previous argument to Xk and µ �Xk

we get at most countable
Mk

0 ⊂ Xk and positive reals m(x) (x ∈ M0 = ∪k∈ωMk
0 ) such that for every

U ∈ CX with U ⊂ Mk, µ(U) =
∑

x∈U∩Mk
0
m(x). Then for every U ∈ CX ,

µ(U) =
∑

k∈ω µ(U ∩Xk) =
∑

x∈U∩M0
m(x). 2

We will use the following formally weaker form of regularity: for every
x ∈ X, µ({x}) = infx∈O∈TX

µ(O).

Theorem 3 Let X be a Rothberger space, and let µ be a σ-finite Borel mea-
sure on X such that for every x ∈ X, µ({x}) = infx∈O∈TX

µ(O) (†). Then
there is an at most countable subset M0 ⊂ X such that for every B ∈ BX ,
µ(B) =

∑
x∈U∩M0

µ({x}).

Proof: Let for n ∈ ω, Bn ∈ BX so that µ(Bn) < ∞, and X = ∪n∈ωBn.
Without loss of generality we assume that the sets Bn are pairwise disjoint.
Let n ∈ ω. For B ∈ BX , put µn(B) = µ(B ∩ Bn). Then µn is a finite
Borel measure on X. The restriction of µn to CX satisfies the conditions
of Proposition 2. Therefore there is an at most countable M0,n ⊂ X and
positive reals mn(x) (x ∈ M0,n) such that for every B ∈ CX , (*) µn(B) =∑

x∈B∩M0,n
m(x). We claim that the same is true for all B ∈ BX .

Indeed, by (†), for every x ∈ M0,n, µn({x}) = mn(x). For B ∈ BX , put
µn,a(B) =

∑
x∈M0,n∩B µn({x}) and µn,r(B) = µn(B) − µn,a(B). By mono-

tonicity and countable additivity of µn, µn,r(B) ≥ 0 for every B. On the
other hand, by Proposition 2, µn,r(X) = 0. It follows that µn,r ≡ 0 and thus
for every B ∈ BX , µn(B) =

∑
x∈M0,n∩B µn({x}).

It also follows that M0,n ⊂ Bn and thus the sets M0,n are pairwise
disjoint, µ({x}) = µn({x}) if x ∈ M0,n, and µ({x}) = 0 if x is not in
any of M0,n. Put M0 = ∪n∈ωM0,n. Then for every B ∈ BX , µ(B) =∑

n∈ω µ(B ∩ Bn) =
∑

n∈ω µn(B ∩ Bn) =
∑

n∈ω

∑
x∈M0,n∩B∩Bn

µn({x}) =∑
n∈ω

∑
x∈M0,n∩B∩Bn

µ({x}) =
∑

x∈M0∩B µ({x}). 2
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2 Projectively Rothberger spaces

A space X is projectively Rothberger [4], [2] if every second countable con-
tinuous image of X is Rothberger. Theorem 3 can not be straightforwardly
extended from Rothberger to projectively Rothberger spaces.

Example 4 A projectively Rothberger space that does not satisfy the conclu-
sion of Theorem 3.

Let λ be an (uncountable) measurable cardinal equipped with the order
topology. Like any cardinal, λ is projectively Rothberger. On the other
hand, there is a non trivial < λ-additive measure µ : λ → {0, 1} such that
µ({x}) = 0 for every x ∈ λ. 2

(This example shows also that Rudin’s theorem can’t be extended from
compact scattered spaces to all scattered spaces.)

One can expect, however, that some weaker form of Theorem 3 might
hold for projectively Rothberger spaces.

Let µ be a measure on a σ-ring M. Recall that E ∈M is an atom for µ
if µ(E) > 0 and for every E ′ ∈M with E ′ ⊂ E we have either µ(E ′) = µ(E)
or µ(E ′) = 0 [3]. A measure is purely atomic if every set of positive measure
contains an atom; a measure is non atomic if it does not have atoms; every σ-
finite measure can be written uniquely as the sum of a purely atomic measure
and a non atomic measure [3]. It follows from Theorem 3 that every σ-finite
Borel measure defined on a Rothberger space is purely atomic (Borel sets
containing exactly one point from M0 are atoms.)

Question 5 Is it true that every σ-finite Borel measure defined on a projec-
tively Rothberger space is purely atomic?

It may be worth to note that Theorem 3 and Question 5 are close in
spirit to the following results: a metrizable space is Rothberger iff it has
absolute measure zero with respect to every metric [5]; a Tychonoff space is
projectively Rothberger iff it has absolute measure zero with respect to every
continuous pseudometric [2]. (A metric space X has absolute measure zero
if for every sequence (εn : n ∈ ω) of positive integers, X can be covered by
subsets Sn, n ∈ ω such that for all n the diameter of Sn is less than εn.)

The author is grateful to Ronnie Levy for useful discussions.
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